In [1, 2, 3] , Fesenko has defined the non-abelian local reciprocity map for every totally-ramified arithmetically profinite (AP F ) Galois extension of a given local field K by extending the works of Hazewinkel [8] and . The theory of Fesenko extends the previous nonabelian generalizations of local class field theory given by and by A. Gurevich [7] . In this paper, which is research-expository in nature, we give a detailed account of Fesenko's work, and include all the proofs that are skipped in [1, 2, 3] .
In a series of very interesting papers [1, 2, 3] , Fesenko has defined the nonabelian local reciprocity map for every totally-ramified arithmetically profinite (AP F ) Galois extension of a given local field K by extending the works of Hazewinkel [8] and Neukirch-Iwasawa [15] . "Fesenko theory" extends the previous non-abelian generalizations of local class field theory given by Koch and de Shalit in [13] and by A. Gurevich in [7] .
In this paper, which is research-expository in nature, we give a very detailed account of Fesenko's work [1, 2, 3] , thereby complementing them by including all the proofs. Let us describe how our paper is organized: In the first part, we briefly review abelian local class field theory and the construction of the local Artin reciprocity map following Hazewinkel method and NeukirchIwasawa method. In parts 3 and 4, following [4] , [5, 6] , and [17] , we review the theory of AP F -extensions over K, and sketch the construction of FontaineWintenberger's field of norms X(L/K) attached to an AP F -extension L/K. In order to do so, in part 2, we briefly review the ramification theory of K. Finally, in part 5, we give a detailed construction of the Fesenko reciprocity map Φ (ϕ) L/K defined for any totally-ramified and AP F -Galois extension L over K under the assumption that µ µ µ p (K sep ) ⊂ K, where p = char(κ K ), and investigate the functorial and ramification-theoretic properties of the Fesenko reciprocity maps defined for totally-ramified and AP F -Galois extensions over K.
In a companion paper [10] , we shall extend the construction of Fesenko to any Galois extension of K (in a fixed K sep ), and construct the non-abelian local class field theory. Thus, we feel that, the present paper together with [1, 2, 3] should be viewed as the technical and theoretical background, an introduction, as well as an appendix to our companion paper [10] on "generalized Fesenko theory".
A similar theory has been announced by Laubie in [14] , which is an extension of the work of Koch and de Shalit [13] . The relationship of Laubie theory with our generalized Fesenko theory will be investigated in our companion paper as well.
remainder of the text), the surjective and continuous homomorphism 
(4) (Ramification theory) 1 . Let L/K be an abelian extension. For every integer 0 ≤ i ∈ Z and for every real number ν ∈ (i − 1, i],
where x ∈ K × .
(5) (Functoriality). Let L/K be an abelian extension.
(i) For γ ∈ Aut(K),
for every x ∈ K × , where γ : K ab → K ab is any automorphism of the field K ab satisfying γ | K = γ;
(ii) under the condition [L : K] < ∞,
for every x ∈ L × ; (iii) under the condition [L : K] < ∞,
for every x ∈ K × , where
L is the group-theoretic transfer homomorphism (Verlagerung).
This unique algebraic and topological isomorphism α K : K × → G ab K is called the local Artin reciprocity map of K.
There are many constructions of the local Artin reciprocity map of K including the cohomological and analytical constructions. Now, in the remainder of this section, we shall review the construction of the local Artin reciprocity map α K : K × → G ab K of K following Hazewinkel ([8] ) and , [15] ). As usual, let K nr denote the maximal unramified extension of K. It is well-known that K nr is not a complete field with respect to the valuation ν K nr on K nr induced from the valuation ν K of K. Let K denotes the completion of K nr with respect to the valuation ν K nr on K nr . For a Galois extension L/K, let L nr = LK nr and L = L K. For each τ ∈ Gal(L/K), choose τ * ∈ Gal(L nr /K) in such a way that:
(2) τ * | K nr = ϕ n , for some 0 < n ∈ Z, where ϕ ∈ Gal(K nr /K) denotes the (arithmetic) Frobenius automorphism of K.
Let the fixed-field (L nr )
τ * = {x ∈ L nr : τ * (x) = x} of this chosen τ * ∈ Gal(L nr /K) in L nr be denoted by Σ τ * , which satisfies [Σ τ * : K] < ∞. The Iwasawa-Neukirch mapping
is then defined by
for every τ ∈ Gal(L/K), where π Σ τ * denotes any prime element of Σ τ * . Suppose now that the Galois extension L/K is furthermore a totally-ramified and finite extension. Let V (L/K) be the subgroup of the unit group U 
Then the homomorphism
for every σ ∈ Gal(L/K), makes the following triangle
L / V (L/K) sits in the Serre short exact sequence
Let V (L/K) denote the subgroup of the unit group U L nr of the ring of integers O L nr of the maximal unramified extension L nr of the local field L defined by
The quotient U L nr /V (L/K) sits in the Serre short exact sequence
As before, let ϕ ∈ Gal(K nr /K) denote the Frobenius automorphism of K. Fix any extension of the automorphism ϕ of K nr to an automorphism of L nr , denoted again by ϕ. Now, for any
combined with the Serre short exact sequence, yields the existence of σ u ∈ Gal(L/K) ab satisfying
The Hazewinkel mapping
for every u ∈ U K . It turns out that, for L/K totally-ramified and finite Galois extension, the Hazewinkel mapping
are the inverses of each other. Thus, by the uniqueness of the local Artin reciprocity map α K : K × → G ab K of the local field K, it follows that the Hazewinkel map, the IwasawaNeukirch map, and the local Artin map are related with each other as
Review of ramification theory
In this section, we shall review the higher-ramification subgroups in uppernumbering of the absolute Galois group G K of the local field K, which is necessary in the theory of AP F -extensions over K. The main reference that we follow for this section is [16] . For a finite separable extension L/K, and for any σ ∈ Hom K (L,
It is well-known that, ϕ L/K : R ≥−1 → R ≥−1 is a continuous, monotoneincreasing, piecewise linear function, and induces a homeomorphism
Assume that L is a finite Galois extension over K with Galois group Gal(L/K) =:
for −1 ≤ u ∈ R is called the u th ramification group of G in the lower numbering, and has order γ u . Note that, there is the inclusion G u ′ ⊆ G u for every pair −1 ≤ u, u ′ ∈ R satisfying u ≤ u ′ . The family {G u } u∈R ≥−1 induces a filtration on G, called the lower ramification filtration of G. A break in the lower ramification filtration {G u } u∈R ≥−1 of G is defined to be any number u ∈ R ≥−1 satisfying
Remark 2.1. The basic properties of lower and upper ramification filtrations on G are as follows:
In what follows, F/K denotes a sub-extension of L/K and H denotes the Galois group Gal(L/F ) corresponding to the extension L/F .
(i) The lower numbering on G passess well to the subgroup H of G in the sense that
(ii) and if furthermore, H ⊳ G, the upper numbering on G passess well to the quotient G/H as
(iii) The Hasse-Herbrand function and its inverse satisfy the transitive law
If L/K is an infinite Galois extension with Galois group Gal(L/K) = G, which is a topological group under the respective Krull topology, define the upper ramification filtration {G v } v∈R ≥−1 on G by the projective limit
defined over the transition morphisms t
v , which are essentially the restriction morphisms from F ′ to F , defined naturally by the diagram
{ { w w w w w w w w w w w w w w w w w w w w w w w w w w w w
(vi) G v is a closed subgroup of G, with respect to the Krull topology, for
In this setting, a number −1 ≤ v ∈ R is said to be a break in the upper ramification filtration {G v } v∈R ≥−1 of G, if v is a break in the upper filtration of some finite quotient G/H for some H ⊳ G. Let B L/K denotes the set of all numbers v ∈ R ≥−1 , which occur as breaks in the upper ramification filtration of G. Then,
AP F -extensions over K
In this section, we shall briefly review a very important class of algebraic extensions, called the AP F -extensions, over a local field K introduced by Fontaine and Wintenberger (cf. [5, 6] and [17] ). As in the previous section, let {G v K } v∈R ≥−1 denote the upper ramification filtration of the absolute Galois group G K of K, and let R v denote the fixed field (
Definition 3.
1. An extension L/K is called an AP F -extension (AP F is the shortening for "arithmétiquement profinie"), if one of the following equivalent conditions is satisfied:
, which is well-defined for the AP Fextension L/K, defines a continuous, strictly-increasing and piecewise-linear bijection ϕ L/K : R ≥−1 → R ≥−1 . We denote the inverse of this mapping by (ii) if L/K is a finite separable extension and L ′ /L is an AP F -extension, then L ′ /K is an AP F -extension, and the transitivity rules for the functions
The following result will be extremely useful.
Proof. For a proof, look at Proposition 1.2.3. of [17] .
Fontaine-Wintenberger fields of norms
be the projective limit of the multiplicative groups L × i with respect to the norm homomorphisms
Remark 4.1. The group X(L/K) × does not depend on the choice of the increasing directed-family of sub-extensions {L i } 0≤i∈Z in L/K satisfying the conditions (i) and (ii). Thus,
where S L/K is the partially-ordered family of all finite sub-extensions in L/K, and the projective limit is with respect to the norm
where 0 is a fixed symbol, and define the addition
where γ M ∈ M is defined by the limit
given by eq. (4.1) is well-defined, since L/K is assumed to be an AP F -extension (cf. Theorem 2.1.3. of [17] ).
It then follows that, 
Note that, L 0 /K is a finite sub-extension of L/K and by the definition of tamely ramified extensions,
for every 0 ≤ i ∈ Z. Thus, the mapping 
Proof. For a proof, look at Theorem 2.1.3 of [17] .
Thus, by eq.s (4.3) and (4.2), for α = (α Li ) 0≤i∈Z ∈ X(L/K), the following two conditions are equivalent.
By eq.s (4.3) and (4.2), for α = (α Li ) 0≤i∈Z ∈ X(L/K), the following two conditions are equivalent.
Again by eq.s (4.3) and (4.2), for α = (α Li ) 0≤i∈Z ∈ X(L/K), the following two conditions are equivalent.
Let L/K be an infinite AP F -extension. Consider the following tower 
by the definition of field of norms, and E/K is an infinite AP F -extension satisfying
and 0≤i∈Z L i M = E. Given these two directed-families, there exists a large enough positive integer m = m(M ), which depends on the choice of M , such that, for m ≤ i ≤ j,
Thus, under the topological embedding ε
as an extension of complete discrete valuation fields. At this point, the following remark is in order. Remark 4.6. Let L/K be an infinite AP F -extension and E/L a finite extension. Suppose that M and M ′ are two finite extensions over K, satisfying LM =
Now, given an infinite AP F -extension L/K, and this time let E be a (not necessarily finite) separable extension of L. Let S sep E/L denote the partiallyordered family of all finite separable sub-extensions in E/L. Then, Proposition 4.7.
is an inductive system under the topological embeddings
Let X(E, L/K) denote the topological field defined by the inductive limit
The following theorem is central in the theory of fields of norms.
a Galois extension, and
canonically.
An immediate and important consequence of this theorem is the following.
Fesenko reciprocity law
In this section, we shall review the Fesenko reciprocity law for the local field K following [1, 2, 3] . Following [13] , we recall the following definition.
All through the remainder of the text, we shall fix a Lubin-Tate splitting over the local field K and denote it simply by ϕ, or by ϕ K if there is fear of confusion. Let K ϕ denote the fixed field (
nr . As usual, we let U e X(L/K) to denote the unit group of the ring of integers O e X(L/K) of the complete field X(L/K). In this case, there exist isomorphisms
defined by the mechanism of Coleman power series (for details, q.v. section 1.4 in [13] ). Thus, the algebraic structures X(L/K) and U e X(L/K) initially seems to depend on the ground field K only. However, as we shall state in Corollary 5.7, the law of composition on the "class formation", which is a certain sub-
The problem of removing this dependence on the Galois-module structure of U e X(L/K) is closely connected with Sen's infinite-dimensional HodgeTate theory ( [11] ), or more generally with the p-adic Langlands program.
As in section 1, let K denote the completion of K nr with respect to the
and the corresponding field of norms satisfy
Now, let Pr
denote the projection map on the K-coordinate of U 
. Now, following [1, 2, 3] , choose an ascending chain of field extensions 
Note that, the Galois group Gal(L/K) corresponding to the extension L/K act continuously on X(L/K) and on X(L/K) naturally by defining the Galois-action of σ ∈ Gal(L/K) on the chain
by the action of σ on each E i for 0 ≤ i ∈ Z as 5) and respectively on the chain 6) by the action of σ on the "
compatible with the respective topological group structures, so that we shall always view them as topological Gal(L/K)-modules in this text. Now, recall the following theorem regarding norm compatible sequences of prime elements (cf. [13] ).
of finite sub-extensions of L/K, there exists a unique norm-compatible sequence
where each π Ei is a prime element of
In view of the theorem of Koch and de Shalit, define the natural prime element Π ϕ;L/K of the local field X(L/K), which depends on the fixed LubinTate splitting ϕ (cf. [13] ) as well as the sub-extension
Note that, by the theorem of Koch and de Shalit, the prime element Π ϕ;L/K of X(L/K) does not depend on the choice of a chain (E i ) 0≤i∈Z of finite subextensions of L/K.
which solves the equation
for U . Moreover, the solution set of this equation consists of elements from the coset
In fact, for the most general form of this theorem and its proof, look at [9] . Now, define the arrow
defined for the extension L/K is injective, and for every
co-cycle condition is satisfied.
A natural consequence of this theorem is the following result. Let im(φ of the field X(L/K), and define the group 
where M is a totally-ramified AP F -Galois extension over K by Lemma 3.3. Let
be the corresponding map defined for the extension M/K. Now, let
is an ascending chain of field extensions satisfying
Furthermore, the commutative square
Remark 5.9. The group homomorphism
defined by eq.s (5.15) and (5.16) does not depend on the choice of an ascending chain
The basic properties of this group homomorphism are the following.
Proof. In fact, following the definition of the valuation ν
Proof. The assertion follows by observing that Pr
Proof. The assertion follows by the definition eq. (5.16) of the homomorphism eq. (5.15) combined with the fact that N Ei/Ei∩M (u Ei ) = N Ei/Ei∩M (u Ei ) for every u Ei ∈ U Ei and for every 0 ≤ i ∈ Z.
Thus, the group homomorphism eq. (5.15) defined by eq. (5.16) induces a group homomorphism, which will be called the Coleman norm map from
, where U denotes, as before, the coset U.
The following theorem is stated, in the works of Fesenko [1, 2, 3] , without a proof. Thus, for the sake of completeness, we shall supply a proof of this theorem as well.
Theorem 5.10 (Fesenko). For the Galois sub
where the right-vertical arrow
is the Coleman norm map from L to M defined by eq.s (5.17) and (5.18) , is commutative.
Thus, it suffices to prove the congruence
or equivalently, it suffices to prove that
Now, without loss of generality, in view of Remark 5.9, the ascending chain of extensions
can be chosen as the basic sequence introduced in the beginning of this section. Thus, each extension E i /K is finite and Galois for 0 ≤ i ∈ Z. Now, let
. Then, for each 0 ≤ i ∈ Z,
Now, the equality
, which follows from the equation
Thus, by the theorem of Koch and de Shalit, it follows that,
Now the proof is complete. Now, let F/K be a finite sub-extension of L/K. Then, as F is compatible with (K, ϕ), in the sense of [13] pp. 89, we may fix the Lubin-Tate splitting over F to be ϕ F = ϕ K = ϕ. Thus, there exists the chain of field extensions
where L is a totally-ramified AP F -Galois extension over F by Lemma 3.3. So there exists the mapping
corresponding to the extension L/F .
For the AP F -extension L/F , fix an ascending chain
Remark 5.11. It is clear that, the homomorphism
defined by eq.s (5.20) and (5.21) does not depend on the choice of ascending chain of fields
The basic properties of this group homomorphism are the following
Thus, the group homomorphism eq. (5.20) defined by eq. (5.21) induces a group homomorphism
Theorem 5.12 (Fesenko) . For the finite sub-extension F/K of L/K, the square
is defined by eq.s (5.22 ) and (5.23) , is commutative.
Here, Π ϕ;L/F is the norm compatible sequence of primes (π Fi ) 0≤i∈Z . Now,
On the other hand,
completing the proof of the commutativity of the square.
If L/K is furthermore a finite extension, then the composition
is the Iwasawa-Neukirch map of the extension L/K. Thus, the mapping φ
Likewise, we can extend the definition of the Hazewinkel map
ab initially defined for totally-ramified finite Galois extensions L/K to totally-ramified AP F -Galois sub-extensions of K ϕ /K by generalizing Serre short exact sequence introduced in eq.s (1.1) and (1.2). In order to do so, we first have to assume that the local field K satisfies the condition
where p = char(κ K ).
Remark 5.13. If K is a local field of characteristic p = char(κ K ), the assumption (5.26) on K is automatically satisfied. For details on the assumption (5.26) on K, we refer the reader to [1, 2, 3] .
In what follows, as before, let L/K be a totally-ramified AP F -Galois extension satisfying eq. (5.1). Under this assumption, there exists a topological
is a bijection with the extended Hazewinkel map
Now, we shall briefly review the constructions of the topological group Y L/K and the extended Hazewinkel map 
once and for all. Now, introduce the following notation. For each 1 ≤ i ∈ Z,
By abelian local class field theory, for each 1 ≤ k ∈ Z, there exists an injective homomorphism
Then the exact sequence
splits by a homomorphism
This homomorphism is not unique in general.
For each 1 ≤ k ∈ Z, consider any map
which makes the triangle
commutative. Such a map clearly exists. Now, choose, for every 1 ≤ i ∈ Z, a mapping
which satisfies for each j ∈ Z >i the equality
where Pr
Kj denotes the projection on the K j -coordinate.
Lemma 5.15 (Fesenko). (i) Let
Proof. Let τ be any element of Gal(L/K). Now consider τ as an element of Gal( L/ K). Then clearly, the conjugate τ
, the equality
e Ki follows as well. Now, the inclusion
Thus, for τ ∈ Gal(L/K), the inclusion U 
. By abelian local class field theory and by Lemma 5.17, the square
e Ki is commutative, where the τ -conjugation map Gal(
Now, following Theorem 5.14, for
, the exact sequence
, and which furthermore makes the diagram
commutative. Thus, it follows that, there exists a map
which makes the following diagram
commutative. Now, for every 1 ≤ i ∈ Z, choose a mapping
Thus, for j ∈ Z >i , and for α ∈ U . After all these observations, an immediate consequence of Lemma 5.17 is the following corollary.
τ by eq. (5.30), where by the previous Lemma 5. 17 ,
Remark 5.19. By pp. 71 of [2] 
τ , as the action of τ on y = (u e Ki ) 0≤i∈Z is defined by the action of τ on the "K i -part" of u e Ki for each 0 ≤ i ∈ Z, and the action of ϕ on y = (u e Ki ) 0≤i∈Z is defined by the action of ϕ on the " K-part" of u e Ki for each 0 ≤ i ∈ Z. Thus,
τ . Now, the proof follows from Corollary 5.18 and by Remark 5.19.
Lemma 5.21 (Fesenko). The mapping
ℓ (ϕ) L/K : Gal(L/K) → U 1 e X(L/K) /Z L/K ({K i , f i }) defined by ℓ (ϕ) L/K : σ → Π σ−1 ϕ;L/K .Z L/K ({K i , f i }), for every σ ∈ Gal(L/K),
is a group isomorphism, where the group operation
as a generalization of Serre short exact sequence (cf. eq.s (1.1) and (1.2)). Thus, for any
by Lemma 5.21. Now, define the arrow
. This arrow is clearly a well-defined mapping. In fact, 
which proves that (
Thus, by Theorem 5.21 and by eq. (5.32),
which forces the equality
. Now, consider the composition of the arrows
Lemma 5.23. There are the following equalities.
. Then, by eq. (5.32), there exists a unique σ U ∈ Gal(L/K) satisfying
The equality on the right-hand-side follows from the definition of the mapping ℓ
, which is unique modulo U X(L/K) , satisfying
by eq. (5.36), which proves that
, which is unique modulo U X(L/K) , such that
, there exists a unique σ Uσ ∈ Gal(L/K) satisfying
by eq. (5.32). Thus, by eq. (5.38) and Lemma 5.21, it follows that
which proves that σ Uσ = σ.
Lemma 5.23 immediately yields
The following theorem follows from Lemma 5.22, Lemma 5.23, Theorem 5.6 and from the fact that
Theorem 5.24 (Fesenko) . Suppose that the local field K satisfies the condition given in eq. (5.26) . The mapping
defined for the extension L/K is a bijection with the inverse
By Corollary 5.7, Theorem 5.24 has the following consequence. 
Corollary 5.25. Define a law of composition
defined in Theorem 5.24, is called the Fesenko reciprocity map for the extension L/K. 
The first half of the proof of Proposition 1 in
The second half of the proof of Proposition 1 in [2] now proves that τ ∈ Gal(L/K) n+1 . Now, let M/K be a Galois sub-extension of L/K. Thus, there exists the chain of field extensions
where M is a totally-ramified AP F -Galois extension over the local field K satisfying the condition given in eq. (5.26) by Lemma 3.3. Now, the basic ascending chain of sub-extensions in L/K fixed in eq. (5.27)
is almost a basic ascending chain of sub-extensions in M/K (almost in the sense that, there may exist elements 0
is cyclic of prime order p = char(κ K ) (resp. of order relatively prime to p) in case 1 ≤ i ∈ Z (resp. in case
is cyclic of order p or 1 (resp. of order relatively prime to p) in case 1 ≤ i ∈ Z (resp. in case i = 0). Now fix this almost basic ascending chain of sub-extensions in M/K introduced in eq. (5.43). Observe that, for each 1
as the restriction map r Ki∩M : Gal(
Note that, for each 1 ≤ k ∈ Z, the norm map
. Thus, the following square, where the upper and lower horizontal arrows are defined by eq.s (5.28) and (5.29),
Now, we shall define an arrow
which splits the exact sequence
is a commutative square. In order to do so, however, closely following Fesenko ( [1, 2, 3] ), let us review the construction of a splitting
of the short exact sequence
. Let {λ j } be a system of topological multiplicative generators of the topological Z p -module is non-trivial, there exists λ * ∈ {λ j } of order p m in the torsion of the module while the remaining λ j (j = * ) are topologically independent over Z p . Now, define a map
on the topological generators {λ j } by
where
It then follows by step 5 of the proof of the Theorem in Section 3 of [3] that, h
. Therefore, the arrow h
which is a splitting of the short exact sequence given by eq. (5.47). Now, define
as follows. Note that,
. For the remaining λ j (j = * ), the collec-
is topologically independent over Z p . Now, following
Therefore, the arrow h
In fact, by the commutative diagram (5.46), for any w ∈ 1≤i≤k U
and by the commutativity of the diagram (5.50),
Thus, the equality
That is, for each 1 ≤ j ∈ Z, we have to check that
(vu)) . Now, for j > i, it follows that
Thus, the map
is well-defined. Moreover, for j > i,
and f
That is, the following square
is commutative. Thus,
which is the desired equality.
Let, for each 0 < i ∈ Z,
Then, by Lemma 5.15 or by Lemma 4 of [2] , for 
, the continuity of the multiplicative arrow
by the commutative square (5.51).
(
} by part (i). Now the result follows.
Thus, the norm map 
, where U denotes, as usual, the coset U.
be the corresponding Fesenko reciprocity map defined for the extension M/K,
where the right-vertical arrow Proof. It suffices to prove that the square
is commutative, which is obvious. Then pasting this square with the square eq.
the commutativity of the square eq. (5.54) follows. Now, let F/K be a finite sub-extension of L/K. Then, as F is compatible with (K, ϕ), in the sense of [13] pp. 89, we may fix the Lubin-Tate splitting over F to be ϕ F = ϕ K = ϕ. Thus, there exists the chain of field extensions
where L is a totally-ramified AP F -Galois extension over F by Lemma 3.3. As
That is, the local field F satisfies the condition given by eq. (5.26) . Now, the basic ascending chain of sub-extensions in L/K fixed in eq. (5.27) base changed to F
is almost a basic ascending chain of sub-extensions in L/F , which follows by the isomorphisms res Ki :
Choosing the minimal such i o , the ascending chain (5.55) becomes
For each 1 ≤ i ∈ Z, denote by σ i the element in Gal( L/ K) that satisfies
as follows :
It is then clear that, for each 1 ≤ i ∈ Z, the elements σ * i of Gal( L/ F ) satisfies
and for almost all i, σ * i = σ i . Moreover, for each 1 ≤ k ∈ Z, the square
Now, by Theorem 5.14 there exists an arrow
(5.56) Now, choose an arrow
which splits the exact sequence (5.47) in such a way that 
(5.60)
Note that, such a map satisfies
In fact, by the commutative diagram (5.58), for any w ∈ 1≤i≤k U σi−1
and by the commutativity of the diagram (5.60), is well-defined. Moreover, for j > i,
In fact, for w ∈ U 
is defined by eq.s (5.63 ) and (5.64) , is commutative.
Proof. It suffices to prove that the square
is commutative, which is obvious. Then pasting this square with the square eq. (5.24) as
the commutativity of the square eq. (5.65) follows.
If L/K is furthermore a finite extension, then the square 
